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We generalize the exp-function method, which was used to find new exact travelling wave solu-
tions of nonlinear partial differential equations or coupled nonlinear partial differential equations,
to nonlinear differential-difference equations. As illustration, we study two Toda lattices and obtain
some new travelling wave solutions by means of the exp-function method. As some special examples,
some new exact travelling wave solutions can degenerate into the kink-type solitary wave solutions

reported in open literatures.
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1. Introduction

Seeking for exact solutions of nonlinear evolu-
tion equations has flourished into a research area
of great importance and interest during the last two
decades. The investigation of exact solutions of nonlin-
ear differential-difference equations (NDDEs) plays an
important role in the study of nonlinear physical phe-
nomena, and gradually becomes one of the most im-
portant and significant tasks. Recently, there has been
some interest in exactly solvable discretized nonlinear
problems, and the inverse scattering method has been
extended to a wide class of such problems [1]. More
recently, with the development of symbolic computa-
tion, many direct and effective methods are available
to solve NDDEs. For instance, Baldwin et al. [2] de-
rived the kink-type solutions of many spatially discrete
nonlinear models in terms of the tanh-function. Dai et
al. [3] obtained the kink-type solutions of the discrete
sine-Gordon equation by means of the hyperbolic func-
tion approach. Some authors [4,5] extended the tanh-
function approach to solve NDDEs. Yan [6] developed
the discrete sine-Gordon expansion method in NDDEs.
Wang and Zhang [7] used the bi-function method to
solve the extended Lotka-Volterra equation and the dis-
crete Korteweg-de Vries (KdV) equation. Moreover,
the Jacobian elliptic function method was generalized
to solve differential-difference equations [§ — 11].

In a recent study to solve nonlinear partial differ-
ential equations (NPDEs), the exp-function method

[12,13] was one of the most effective direct methods.
How to extend these effective methods for NPDEs to
solve NDDEs is an interesting and important issue. In
the present paper, we study some Toda lattices to illus-
trate the exp-function method for NDDE:s.

2. The Exp-Function Method for NDDEs

In this section, we would like to outline the exp-
function method for NDDEs step by step.
Consider a system of M polynomial NDDEs

A(un-‘rpl (X)v -+« Undpy (X)v
Uy (%), Uy (%), 1)

ullp, (%), ul,, (%) =0,

where the dependent variable u, has M components
u;,, the continuous variable x has N components x;,
the discrete variable n has Q components n}, the k shift
vectors p; € Z2, and u')(x) denotes the collection of
mixed derivative terms of order r.

According to the description of the tanh-function
method in [2], the main steps of the exp-function
method for NDDEs are outlined as follows.

Step 1: When we seek the travelling wave solutions
of (1), the first step is to introduce the wave trans-
formation Wpip,(X) = Unyp(&n), &n = Zinl din; +
ijyzlcjxj + ¢ for any s (s = 1,---,k), where the co-
efficients cy,c2,- -+ ,cn,dy,da, -+ ,dg and the phase {

0932-0784 /08 / 1000-0657 $ 06.00 (© 2008 Verlag der Zeitschrift fiir Naturforschung, Tiibingen - http://znaturforsch.com



658

are all constants. In this way, (1) becomes

A(Unﬂ)l(én) UIH-Pk(én)
n+p1 (én) n+pk(§n) (2)
Un+p1 (n),--- vUn-&-pk(én)) =0.

Step 2: We propose the following series expansion
as a solution of (2):

z;t,,,a, exp(ln)
Zm——e bm exp(m&n) ’

where p,g,e and f are positive integers, which are
given by the homogeneous balance principle, a; and
b,, are unknown constants to be determined. To deter-
mine the values of f and ¢, we balance the linear term
of highest order in (2) with the highest-order nonlinear
term. Similarly to determine the values of e and p, we
balance the linear term of lowest order in (2) with the
lowest-order nonlinear term.
Simple computation leads to the identity

Un(&n) = 3)

§n+ps = én + @,
with
Qs = ps1di + pspdy + - - - + psodo, “4)

where py; is the j-th component of shift vector py.
Thus,

Z7=_p aexpll(&n + )]
Yh o bmexplm(En+@y)]

Remark: Unlike difference equations which are
fully discretized and differential equations which are
fully continuous, NDDEs are semi-discretized with
some (or all) of their spatial variables discretized while
time is usually kept continuous. The key, how to apply
familiar methods of the continuous case into the dis-
crete case, is to search iterative relations between lat-
tice indices, for example, the relations between indices
n and n+ 1. That is to say, the key is seeking the itera-
tive relation between (3) and (5) with (4).

Step 3: Determine the degrees p,q,e and f of the
polynomial solutions (3) and (5). We can easily get the
degrees p,q,e and f in ansatz (3) and ansatz (5) by
balancing the highest nonlinear term and the highest-
order derivative term in Uy(&y) as in the continuous
case.

Un+ps (‘:n) = )
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Step 4: Substituting ansatz (3) and ansatz (5) into
(2), then setting the coefficients of all independent
terms in exp(jén) (j = 1,2,...) to zero, we will get
a system of algebraic equations. From the highly
nonlinear and parameterized algebraic equations, the
corresponding undetermined constants are explicitly
determined by using Maple and Wu’s elimination
method [14].

Step S: Substitute the values obtained in Step 4 into
expression (3), and one can find the solutions of (1). To
assure the correctness of the solutions, it is necessary
to substitute them into the original equation (1).

3. Exact Travelling Wave Solutions of Some Toda
Lattices

In this section, we apply the method developed in
the preceding section to some Toda lattices.

3.1. Example 1

The Toda lattice [15] is of the form

d%u du
n <d_tn+1> (Mn—l —2Mn+lxtn+]). (6)

dr?

In this case, u = u,x = {x1,x2} = {f,x},n=n; =nand
Ppi=pi=—-1,p2=p2=0,p3=p3=1,d1=d,c1 =c.

Now we assume that (6) has the solutions as
ansatz (3). The homogeneous balance procedure in
Step 2 of Section 2 leads to the results g = f, p = e.
We can freely choose the values of p and g, but the
final solution does not strongly depend on the choice
of values of p and ¢ [12, 13]. For simplicity, we set
qg=f=1and p=e = 1. Thus we give the following
formal travelling wave solutions of (6):

_a_exp(=&,) +ag+arexp(&,)
" b_jexp(—&) +bo+brexp(&y)’
~a_jexp(=&, —d)+ag+aiexp(&, +d)
Ung1 = , (D
b_iexp(—&,—d)+bo+ brexp(&,+d)
- a_1exp(—&,+d)+ap+arexp(&, —d)
" b_yexp(— &+ d)+b0+bleXp(§n_d)’
with
En=dn+ct+, ®)

where ag,a;,a_1,by,b1,b_1,d and ¢ are constants to
be determined later. Inserting the expressions (7) and
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(8) into (6), clearing the denominator and eliminating
the coefficients of independent terms in exp(j&,) (j =
1,2,...), yields a system of algebraic equations, from
which we obtain many travelling wave solutions of the
Toda lattice equation (6). Here we only partially list
these solutions.

Case 1.
ag — bo = 0,
ai .
a_| = {b_ :|:2s1nh(d)] b_y, 9)
1
¢ = tsinh(d),

where ap,b1, b_1 and d are arbitrary constants. From
(7)—(9), we can obtain the exact travelling wave solu-
tion of the Toda lattice equation (6), i. e.,

[Z—i F2sinh(d)|b_j exp(—&,)+ay exp(&,) (10)
Uy = ,
! b_yexp(—&u) + brexp(&n)
where &, = dn+sinh(d)r + §.
As a special example, when a; = A + sinh(d),
b_j1 = by = 1, the solution (10) is

uy = A % sinh(d) tanh(&,), (11)

which turns out to be Baldwin’s [2] and Dai’s [16]
kink-type solitary wave solution as expressed in (11).
As another special example, when a; = Ag £
sinh(d), by = 1,b_1 = —1, the solution (10) is
up, = Ag + sinh(d) coth(&,), (12)

which turns out to be Dai’s [16] travelling wave solu-
tion as expressed in (12).
Case 2.

a1 = b,1 = 0,

d
ay =b [Z—ziZSinh(§>},
d
= #£2sinh | =
c sin (2),

where ag, bg, by and d are arbitrary constants. From (7),
(8) and (13), we can obtain the exact travelling wave
solution of the Toda lattice equation (6), i.e.,

(13)

B ap+ by [Z—g iZsinh(%)} exp(&,)
- bo+biexp(&y)
where &, = dn+2sinh (4)1+¢.

;o (14

Un
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Case 3.
a) = b1 = O,

_ d
ag = by [%iZsinh (5)] ,
d
= 42sinh | =
c sin (2),

where bg,a_1, b_| and d are arbitrary constants. From
(7), (8) and (15), we can obtain the exact travelling
wave solution of the Toda lattice equation (6), i.e.,

15)

B a-1exp(—&) +bo [% iZsinh(%)}

u , (16)
" b—lexp(_én)""bo
where &, = dn+2sinh (4)1+¢.
Case 4.
b2
by =—"
1 4b_17
d _1b
ag = £sinh (5) bo abilo’
(17)

b3 d\ a_\b}
-+ 0 inh [ = 0
“a==a N (2) M

d
= 42sinh | =
c sin (2),

where a_1, by,b_ and d are arbitrary constants. From
(7), (8) and (17), we can obtain a new exact travelling
wave solution of the Toda lattice equation (6), i. e.,

Uy = {4a_1b2_1 exp(—&,) +4a_1bob_,

+ 4bob? | sinh (g)

+ [a_lbg +£2b3b_, sinh (‘2—1)} exp(gn)}
{402 exp(—&0) + 4bob?  + B3 1exp(&) |

(18)

where &, = dn=+2sinh (£)¢+¢.

It is well known that soliton solutions are interest-
ing and physical relevant. Here we take the solution
(10) as example to further analyze its properties by
some figures. The wave velocity “c” of the solution
(10) changes with wave number “d” plotted in Fig-
ure la. The solution (10) is a kink-type solitary wave
shown in Fig. 1b by selecting appropriate parameters.

As can be seen from Fig. 1b, with the growth of the
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Fig. 1. (a) Wave velocity changes with wave number. (b) Kink-type solitary wave solution (10) with (+)-branch for the

parameters a; =2, by =b_1 =1, { = 0.2 at time r = 5. (c) Asymptotic property of solution (10) with (+)-branch for the

parameters a; =2, by =b_; = 1,d = 0.5, { = 0.2. (d) Exotic wave solution (10) with (+)-branch for the parameters a; = 2,

by=1,b_1=-1,{=02attimer =5.

wave number, the distance between the lattices be-
comes gradually bigger in the kink location of wave.
Meanwhile, the asymptotic properties of the solution
(10) with different lattice labels n are plotted in Fig-
ure lc. Besides the property of the kink-type solitary
wave, the solution (10) exhibits the feature of an exotic
wave shown in Figure 1d. The mathematical expres-
sion of this exotic wave has the similar form as (12).
However, different from the continuous case, the ex-
otic wave doesn’t exhibit singular properties although
it is composed of the singular coth-function. When the
parameters b;b_; > 0and b1 b_; < 0, the solution (10)
is a kink-type solitary wave and an exotic wave, re-
spectively.

3.2. Example 2

Another Toda lattice [17] has the form

du, dv

d—t” = 1ty (Vn d—t" =V (Ups1—ty). (19)
In this case, u = {u,v},x=x; =f,n=n; =nand p; =
pi=—1p2=pr=0,p3=p3=1

—Vn,]),
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The balance procedure admits us to give travelling
wave solutions of (19) and, in case of b; # 0,d; # 0,
this ansatz can be simplified as

_a exp(—&,) +ao+aexp(&,)

b_; exp(_én) +bo+ exp(én) 7
_a_1exp(=&—d) +ap+aiexp(& +d)

st = b_iexp(—&, —d) +bo+exp(& +d) 20)
Uy | = c—1 exp(—én +d) +co+c exp(&, —d)
d_i1exp(=&,+d)+dy+exp(& —d) '
y, — C1EXP(=&n) + o+ crexp(Gn)
d—lexp(_én)"f'dO""exp(én) ’
Vo1 = c—1 exp(—én —d)+co+c exp(&n +d) @2
d_1exp(—&, —d) +do+exp(§, +d)
Yy = c—1 exp(—én +d) +co+c exp(&, —d)
d_1exp(=&,+d)+dy+exp(&—d) '
with
& =dn+ct+¢. (22)

Substituting ansatz (20) and ansatz (21) with (22)
into (19), clearing the denominator and eliminating all
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the coefficients of the powers of exp(j&,) (j =1,2,...)
yields a nonlinear algebraic system. Proceeding as be-
fore we only partly list these solutions.

Case 1.
ap="bo=co=dy=0,
a_y =exp(2d)c_1, a; = —cexp(—d)csch(d),

b_y=d_= —C;lexp(d) sinh(d),
c
c1 = —cexp(d)csch(d),

(23)

where c¢_1,d and c are arbitrary constants. From (20)—
(23) we can obtain exact travelling wave solutions of
the Toda lattice equation (19), i.e.,

exp(2d)c_cexp(—&,) — c?exp(—d)csch(d) exp(&,)
—c_1exp(d)sinh(d) exp(—&,) + cexp(&y

(&)
_c_1cexp(—<§n)—c exp(d)csch(d)exp(&,)
(Sn)

bl

= - , (24
—c_1exp(d)sinh(d)exp(—&,) + cexp(&, @4
where &, =dn+ct+ .
Case 2.
ap=bo=co=dp=0,
a-1=0C-1,
a; = —cexp(d)csch(d),
(25)

b_= —c% exp(d) sinh(d),

d_= —C;lexp(—d) sinh(d),
¢
c1 = —cexp(—d)csch(d),

where c¢_1,d and c are arbitrary constants. From (20)—
(22) and (25) we can obtain exact travelling wave so-
lutions of the Toda lattice equation (19), i.e.,

_ c_1cexp(—&,) — c*exp(d)csch(d) exp(
" —c_exp(d)sinh(d)exp(—&,) + cexp(

Sn)
&)’

b c_cexp(—&,) — c?exp(—d)csch(d) exp(&,)
" e exp(—d) sinh(d) exp(—E,) + cexp(&,)’
(26)

where &, =dn+ct+ .
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Case 3.

dj d
a1 = C?Oexp(d)csch(Zd)cschz <§> ,
d 2
b= Zexp(d)csch (d),
c_1 = 4cdcsch® (d) cosh(d),

dg >
= choh (d), co=0,

d_
. (27)
ag = —cdyexp (;—i) csch (;—i) [1 + Esech(d)} ,

doy d d
by = gexp <§> sech <§> ,
c d
a) = Ecoth (E) sech(d),

¢y = —ccoth(d),

where dy,c and d are arbitrary constants. From (20)—
(22) and (27) we can obtain new exact travelling wave
solutions of the Toda lattice equation (19), i.e.,

Uy = {cd(% exp(d)csch(2d)csch? (62—1) exp(—&x)
—cdpexp (§>050h<§> [8 +4sech(d)}
+4ccoth (;—i) sech(d) exp(&n)}

.{zdgexp(d)CSChz( Jexp(—&n) (28)

+ddgexp (%)sech(%) +8€xp(§n)}_1,
Yy = {16cd§csch3(d)cosh( Yexp(—&,)
— 4ccoth(d) exp(ajn)}
{dBesch? (@) exp(~&) +4do + dexp(&) )

where &, =dn+ct+¢.

Figure 2a displays the solitary wave property of
solution (24). From Fig. 2a, the physical quantity
u is an kink-type solitary wave (squares), and v is
an anti-kink solitary wave (circles). Similarly to so-
lution (10), the solution (24) exhibits also the fea-
ture of an exotic wave as shown in Figure 2b. When
cdc_1 < 0 and cdc_1 > 0, the solutions of (24)
are kink-type solitary waves and exotic wave waves,
respectively.
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Fig. 2. (a) Kink-type solitary wave solution (24) for the parameters ¢ =2,d = 1,c_; = —0.2,{ = 0.2 at time t = 2. (b) Exotic
wave solution (24) for the parameters ¢ = 2,d = 1,c_1 =0.2,{ = 0.2 at time ¢ = 2.

4. Summary and Discussion

In summary, we systematically illustrated the solu-
tion procedure of the exp-function method for nonlin-
ear differential-difference equations. The solution pro-
cedure is very simple, and the obtained solution is
very concise. We obtained some new exact travelling
wave solutions of the Toda lattices via the exp-function
method. As some special examples, these new exact
travelling wave solutions can degenerate into the kink-
type solitary wave solutions reported in [2,16]. So
using the proposed exp-function method one can ob-
tain easily travelling wave solutions and kink-type soli-
tary wave solutions of nonlinear differential-difference
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